We propose a method to compute the hadronic vacuum polarization function on the lattice at continuous values of photon momenta bridging between the space-like and time-like regions. We provide two independent derivations of this method showing that it leads to the desired hadronic vacuum polarization function in Minkowski space-time. We show with the example of the leadingorder QCD correction to the muon anomalous magnetic moment that this approach can provide a valuable alternative method for calculations of physical quantities where the hadronic vacuum polarization function enters.
I. INTRODUCTION
In quantum field theory, the photon receives vacuum polarization corrections, which modify the electromagnetic coupling constant depending on the virtual photon momentum.
Quark-loop contributions to these corrections include the effects of the strong interaction through further gluon exchanges. Since the strong interaction becomes non-perturbative at low energies, the calculation of these hadronic vacuum polarization (HVP) effects requires a non-perturbative method to treat Quantum Chromodynamics (QCD).
The QCD corrections from the HVP appear in many physical observables, such as the running QED coupling, the weak mixing angle, the 2P − 2S Lamb shift of muonic hydrogen and the muon anomalous magnetic moment, a µ , [1] [2] [3] . In fact, a µ is a prime example where the HVP correction is very important since there is a discrepancy between the experimental measurement of this quantity and the Standard Model (SM) prediction, and it is the HVP correction that constitutes the dominant theoretical uncertainty. Since it is tempting to interpret the discrepancy as an indication for new physics beyond the SM, it is necessary to have a well-controlled QCD calculation of the HVP function before drawing any definitive conclusions.
At low energies, the running QCD coupling becomes large and perturbative QCD fails to be a reliable tool for determining the HVP function. The established approach of utilizing a dispersion relation together with experimental data for e + e − -scattering and τ -decay depends on the experimental input and hence cannot be considered as an ab-initio SM calculation. It is therefore highly desirable to perform a nonperturbative calculation of the HVP function from first principles using lattice QCD. Indeed, for the quantities listed above, where the HVP function is an important ingredient, it has been shown that lattice QCD can provide a substantial, if not an essential, contribution [3] .
In standard lattice calculations, the HVP function is calculated at discrete space-like momenta by performing a Fourier transform of the Euclidean vector-vector correlation function. However, these lattice QCD computations suffer from a generic difficulty, namely that low momenta are usually not directly accessible. For example, in the determination of the hadronic contribution a hvp µ to the muon anomalous magnetic moment, momenta close to 0.003 GeV 2 dominate, while in lattice calculations the lowest discrete momentum available is 2π/T or 2π/L, where T and L are the time and the spatial extents of the lattice, respec-tively. To reach the required momentum region of 0.003 GeV 2 a very large lattice size with T or L ≈ 24 fm would be needed. Considering that contemporary lattice QCD computations typically use values of the lattice spacing of a ≈ 0.1 fm, this would require an unrealistically large number of lattice points. Accessing the HVP function at small or near-zero momentum is a general concern relevant to many observables. Therefore, present lattice evaluations of the HVP function [4] [5] [6] [7] [8] [9] [10] use well motivated functional forms to fit the results computed at discrete lattice momenta, producing a smooth function that covers the desired momentum region, including zero momentum, needed to obtain the renormalized HVP function. A step forward has been discussed in Ref. [11] where it was suggested to calculate the derivative of the relevant correlation function by using the sequential source propagator method to obtain the zero momentum contribution.
In this paper we discuss a more general approach that allows us to compute the HVP function at continuous momenta, both in the space-like and time-like regions. Following the ideas employed in Ref. [12] this will be achieved by starting with the Euclidean vector-vector correlation function and performing a Fourier transform only in the spatial directions and an integration (in practice, a summation) in the time direction with a factor of e ωt . In this way, we are able to calculate the HVP function at very small space-like momenta, covering also the zero momentum value and even extending in to the time-like region. We will provide two independent demonstrations that this leads to a sound and valid evaluation of the HVP function. In order to test whether this approach is practical and leads to small errors in the calculation, we apply this method to a realistic lattice calculation of the HVP function and the associated a hvp µ . We stress that we consider our approach as an alternative way to compute the HVP function in lattice QCD at small momenta. It has the advantage of avoiding assumptions on the analytic form used to describe the HVP function. However, as we will see below, it will not lead to an increased precision in the calculation of physical quantities such as a hvp µ . Nevertheless, we believe that our new method can serve as a valuable alternative to the presently employed techniques, as we do not have to model the functional form of the HVP in the low-momentum region.
In Sect. II we introduce the analytic continuation method. We then demonstrate in Sects. III and IV the validity of the proposed method using two different approaches. In Sect. V we perform a computation of the HVP function based on twisted mass fermions and in Sect. VI we show with the example of a hvp µ how the analytic continuation method is used to determine a physical observable.
where
is a photon propagator defined in Euclidean spacetime. Using the integral
we can write
We are ultimately interested in the limit of t 0 → ∞ for which M µν (t 0 , k) becomes
Combining this with Eq. (9) yields
The left-hand sides of Eqs. (8) and (14) are the matrix elements γ(k, λ)|J
are equivalent physical observables in Minkowski and Euclidean space-time. On the other hand, the right-hand sides of Eqs. (8) and (14) are the HVP functions defined in Eq. (1) and (3), respectively. This demonstrates that these two definitions are equivalent.
In the above analysis, we have looked at the special case that the photon is on-shell, with
In the case that the photon is off-shell, we can replace the matrix element in Eq. (5) by
where W denotes a massive vector boson, which has the same quantum numbers as the photon but a non-zero mass M W . Therefore its momentum k satisfies
Using a similar line of arguments as above, we can then show that the analytic continuation, as outlined here, is valid for momenta k 2 > 0. In the next section we will demonstrate that the method is also valid for k 2 < 0.
IV. DEMONSTRATION FROM TEMPORAL MOMENTS
In this section we will demonstrate the validity of Eq. (3) using a Taylor expansion and the introduction of temporal moments. This technique has been previously used for lattice [13] and perturbative calculations [14, 15] . We write Eq. (2) as follows
The temporal moments of the correlation function C µν ( k, t) are computed through
where m is an integer and the coefficients M k m are given by
According to the definition in Eq. (17) the temporal moments G k n,µν are nothing but the coefficients in the Taylor expansion of the function Π E (K 2 )F µν (K) at K t = 0. Using a once-subtracted dispersion relation and the optical theorem
we can relate M k m to the experimental observables R(s)
Note that M k m is suppressed by a factor of (s +
V + k 2 again the lowest energy level in the vector channel, see the previous section. We can construct a convergent series through
Putting Eq. (20) into the series and using Π
which means that
On the other hand we can construct another series through In a special case for k = 0 and µ = ν = z, we have
The HVP function can then be constructed bȳ
Eq. (25) is the analytic continuation of the formula
given in Ref. [16] .
The analytic continuation method described in the previous sections has been successfully applied in lattice QCD calculations of pion and charmonium radiative decay [17, 18] . In this work we present the first lattice calculation of the HVP function using this technique.
We will use the same ensembles as in Ref. [7] . The gauge configurations are generated using two-flavor maximally twisted mass fermions [19] . The masses of the up and down quarks are equal and heavier than the physical value with the pion mass ranging from 650
MeV to 290 MeV. We employ two lattice spacings a = 0.079 fm and 0.063 fm to check for lattice artifacts and two lattice volumes to examine finite-size effects.
On a finite lattice, Eq. (3) takes the form
, is the standard lattice definition of four-momentum. The correlator C µν ( k, t) is defined by
with J E µ ( x, t) the point-split conserved vector current. The value of t max can be taken up to T /2, where T is the temporal extent of the lattice.
In Eq. (27) we assume that the HVP tensor carries a Lorentz factor
For some values of ω, we have K µ K ν − δ µν K 2 = 0. We denote these special values by ω 0 .
At ω = ω 0 and in the large-t max limit, the HVP tensorΠ µν ( k, ω; t max ) is supposed to be consistent with zero up to Lorentz symmetry breaking effects. In our calculation we do find this to be verified for each spatial momentum k and polarization direction {µ, ν}. We
A. Classification of the correlators On a lattice with a linear box size L, the spatial momenta k in Eq. (28) take discrete
In the calculation performed here, we choose the four lowest momentum modes with n = (0, 0, 0), (1, 0, 0), (1, 1, 0) and (1, 1, 1) and will use |n| 2 to distinguish these different modes.
The rotational symmetry indicates that under a (discrete) rotationR ∈ SO(3, Z) with SO(3, Z) the cubic group, the correlators satisfy
where Λ ii ′ ,jj ′ denotes a suitable representation of the group SO(3, Z). In addition to the rotational symmetry, the lattice action is also invariant under parity and time reversal symmetries 1 , which yields
with a factor η µν defined by
We classify the correlators using the polarization direction {µ, ν}. Furthermore, in each class of correlators we average those which are equivalent under the symmetries of rotation, parity and time reversal. In Table I we list the classification of the correlators applying the notation of the momentum mode |n| 2 and the polarization direction {µ, ν}.
{µ, ν} {x, x} {x, x} {x, t} {y, y} {t, t} {x, x} {x, y} {x, t} {z, z} {t, t} {x, x} {x, y} {x, t} {t, t} N sym 3  6  12  12  6  24  24  48  12  12  24  48  48  8   TABLE I : Classification of the correlators C µν ( k, t) with k = (2π/L) n. N sym is the number of equivalent correlators under rotation, parity and time reversal.
1 Note that the twisted mass fermion action violates parity symmetry. In our work we formed a parity average to enforce O(a) improvement. 2 Using the local vector current, we will have the relation C µν ( k, t) = η µν C µν (− k, t) and C µν ( k, t) = η µν C µν ( k, −t). finite-size effects which, however, will vanish in the limit T → ∞.
Ideally, it would be desirable to use the complete t-range on the lattice. However, in practice the correlator C µν ( k, t) at |t| close to T /2 shows very large fluctuations and often no useful information can be extracted for these large values of |t|. Therefore, we define a maximal t-value, t max = η(T /2). To be concrete, we will set η = 3/4 in the following. Note that, in principle, any value of η would provide a well-defined choice for our method.
Of course, on a finite-size lattice the above value of η will induce a finite-size effect. This systematic effect is given bȳ
In order to obtain an estimate of this finite-size effect, we will assume that for t > t max the vector correlator is dominated by the ground state. We believe that this provides a good estimate of the finite-size effects in our calculation for the following reasons: first, for all our ensembles the contribution given in Eq. (34) is already exponentially suppressed and thus contributes only little to the total vacuum polarization function. Second, even if for t > t max other states may contribute, they provide only a correction to a correction and thus
should not change our conclusions significantly. Note that the situation might change if one uses large ω and makes K 2 approach the hadron production threshold. In this case, the t > t max contribution becomes dominant. Besides this, both the energy and the amplitude extracted from C µν ( k, t) are affected by the finite lattice volume. Such effects should be treated properly using the Lellouch-Lüscher method [20] and Meyer's proposal in Ref [21] , which is, however, beyond the scope of this work.
In this calculation we evaluate the HVP function only in the region of space-like or low time-like momenta. Our strategy will be to use as our results the values extracted fromΠ(K 2 ; t max ) and then estimate the finite-size effects by computing the contribution ofΠ(K 2 ; t > t max ). It turns out that with our current lattice setup, the finite-size effects are comparable to the statistical error and thus cannot be neglected in our calculation.
Of course, the calculation can be systematically improved in future work by using larger volumes and higher statistics. Fig. 4 the averaged result forΠ(0; t max ) = −0.2047 (20) and in the lower panel the one forΠ(0; t max ) +Π(0; t > t max ) = −0.2069 (21) . These results deviate at the 1 σ level, demonstrating that finite-size effects are comparable to the statistical error.
Up to now, the analysis is performed for the case of N f = 2 flavors. To allow for a direct comparison with experimental data, we extend the currently used method to the case of N f = 2 + 1 + 1 flavors [22] . We add the t > t max contribution to the renormalized HVP function Π R (K 2 ) =Π(K 2 ) −Π(0) and extrapolate it to the physical pion mass using the modified extrapolation method proposed in Ref. [3, 7] . In the time-like region, especially the region where K 2 approaches the hadron production threshold, it is very difficult to reproduce Π R (K 2 ) due to the significant finite-size effects. We therefore restrict the calculation of Π R (K 2 ) to the space-like region. The experimental results for Π R (K 2 ) are compiled using
Jegerlehner's package alphaQED [23] , where the dispersion relation is used to relate the experimental data of R(s) (last updated in 2012) to Π R (K 2 ). As illustrated in 
VI. DETERMINATION OF a hvp µ
The lattice result of the HVP function obtained in the previous section can be used to determine a series of physical observables, see e.g. [3] . Here we take the leading-order HVP correction to the muon anomalous magnetic moment, a hvp µ , as an example to study the practical feasibility of the proposed analytic continuation method.
In lattice QCD a hvp µ can be calculated through
where α is the fine structure constant, m µ is the muon mass, and f (K 2 /m 2 µ ) is a known function [4] , which assumes a maximum at
To control the chiral extrapolation we use a modified definition proposed in Ref. [3, 7] being the squared spatial momentum. Thus, we can avoid the parametrization in this momentum region. In practice we split Eq. (36) into three parts
In Eq. (37), a
µ can be calculated directly using the analytic continuation method. As shown by Eq. (27),Π(K 2 ; t max ) is a linear combination of the correlator C µν ( k, t). Putting this definition ofΠ(K 2 ; t max ) into Eq. (37), it turns out that a
µ and a (2) µ are also linear combinations of C µν ( k, t) with coefficients that can be determined by performing the integral in Eq. (37). Similar to the previous section, we can calculate a (1) µ and a (2) µ up to the value of t max = η(T /2) with η = 3/4 and estimate the finite-size effects usingΠ(K 2 ; t > t max ).
The evaluation of a
µ still requires a parametrization ofΠ(K 2 ). This will bring in some model dependence in our analysis, which, however, is a small effect, since the total contribution of a
µ only amounts to a few percent in case of momentum modes |n| 2 = 1, 2, 3. The parametrization ofΠ(K 2 ) used in this calculation is given in the appendix.
In Fig. 6 we show a , which are calculated using the correlator C µν ( k, t) covering the range of −t max ≤ t ≤ t max . We look at the finite-size effects in a hvp µ (t max ) by comparing the results for different volumes. There are also some deviations between the results from the analytic continuation method and the standard parametrization method. To check for the finite-size effects we evaluate the contribution to a hvp µ from C µν ( k, t) at |t| > t max leading to a correction a 
VII. CONCLUSIONS
The analytic continuation method, proposed in this work, allows us to obtain information on the momentum dependence of the vacuum polarization function at small momenta, which is a significant challenge for lattice QCD calculations. In order to see how the analytic continuation method works in practice, we performed a pilot study for the HVP function to determine the leading-order QCD correction to the muon anomalous magnetic moment.
Since at large Euclidean times the HVP is very noisy, we restricted the time summation to a maximum time, t max = ηT /2, with T the time extent of our lattice. In this work, we have chosen η = 3/4. Although in the infinite volume limit this would lead to a fully correct definition for a hvp µ , on a finite lattice such a choice induces a finite-size effect. We estimated this finite-size effect by assuming that in the time region excluded by the cut η = 3/4 the ground state dominates in the vector channel.
In the case of N f = 2+1+1 flavors, adding the so computed finite-size effects to the results for the HVP function provides a result that agrees with the experimental determination of Ref. [23] . Going to the case of N f = 2 flavors, we find after the finite-size correction, consistent results for a hvp µ for all ensembles and also an agreement with results computed earlier by us using the conventional approach. We therefore conclude that applying a cut in the Euclidean time induces indeed a finite-size effect as the dominant systematic error. Thus, when the analytic continuation method is applied on larger lattices in the future any assumption such as the here employed ground state dominance at large times can be completely avoided leading to a conceptually clear determination of quantities derived from the HVP function.
In this way it would not be required anymore to rely on model dependent parametrizations that enter some of the conventional computations of a hvp µ . On the negative side, it needs to be said that, although having a conceptual advantage, the analytic continuation method gives results, at least for a hvp µ , which have fluctuations that are larger than the conventional method.
However, since all the methods are afflicted with different systematic uncertainties, comparing results from different approaches will provide confidence in the extraction of physical quantities where the HVP function is an essential ingredient. In this sense we believe that the analytic continuation procedure presented in this paper can provide a valuable alternative to other approaches to determine the HVP function. It will be interesting to test the potential of the here proposed analytic continuation method for quantities different from the HVP function, where the momentum dependence at small or even zero momentum is not directly accessible. In the conventional approach, in order to compute the integral in Eq. (36), we need a functional form to describe the K 2 -dependence of Π(K 2 ). For low K 2 , we use the form
where the first term is the dominant contribution from the ground-state vector meson and g V is the electromagnetic coupling of the vector meson. The polynomial terms account for residual contributions. Π(0) is given by −g 2 V + a 0 . For high K 2 , we use the form
with a free constant c and a sum over 4 terms in the polynomial multiplying the logarithmic function. We combine the two expressions using
where t = tanh((
) is a smooth approximation to the step function. The parameters are set as K m = 1.3M V and ∆ m = 0.3M V . We fit the lattice data of Π(K 2 ) to
